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Abstract 

The paper presents a 0-D model of an alluvial watercourse schematized in two connected reaches, 

evolving at the long time-scale and under the hypothesis of Local Uniform Flow. Each reach is 

defined by its geometry (constant length and width, time-changing slope) and grain-size 

composition of the bed, while the sediment transport is computed using a sediment rating curve. 

The slope evolution is provided by a 0-D mass balance and the evolution of the bed composition 

is computed by a 0-D Hirano equation. A system of differential equations, solved with a 

predictor-corrector scheme, is derived and applied to the schematic watercourse to simulate the 

morphological response to changing initial conditions, and the evolution towards long-term 

equilibrium conditions. Differently from a single-reach 0-D schematization with uniform grain-

size, besides the simplifications adopted, the model proposed here simulates the behaviour of 

alluvial rivers in a physically-based way, showing a grain-size fining in the downstream direction 

accompanied by milder slopes, and a tendency to develop concave longitudinal profiles. 
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Notation 

B   mean river width (m) 

c1   integration constant (-) 

c2   integration constant (-) 

d   ratio between df and dc (-) 

dc   diameter of the coarse fraction of sediments (m) 

df   diameter of the fine fraction of sediments (m) 

deq   equivalent diameter of sediments (m) 

dk   size of the k-th fraction of sediments (m) 

Fr   Froude number (-) 

g   dimensionless sediment transport at the input point (-) 

G   sediment transport at the input point (m
3
s

-1
) 

hi   dimensionless bottom level of the i-th reach (-) 

Hi   bottom elevation of the i-th reach (m)i = index of the i-th reach: i=U for the upstream 

reach, i=D for the downstream one 

ii   dimensionless bottom slope of the i-th reach (-) 

In   interface value (-) 

Ii   bottom slope of the i-th reach (m/m) 

k   index of the k-th fraction of sediments: k=c for coarse sediments, k=f for fine sediments 

li   dimensionless length of the i-th reach (-) 

Li   length of the i-th reach (m) 

m   exponent of the Engelund-Hansen formula (-) 

morph   dimensionless morphodynamic parameter (-) 

M   morphodynamic parameter ((m
3
s

-1
)
1-m

) 



 
 

n   exponent of the Engelund-Hansen formula (-) 

p   exponent of the Engelund-Hansen formula (-) 

pi   dimensionless total sediment transport along the i-th reach (-) 

P   total sediment transport (m
3
s

-1
) 

Pc   sediment transport of the coarse fraction of sediments (m
3
s

-1
) 

Pf   total sediment transport of the fine fraction of sediments (m
3
s

-1
) 

Pi,k   transport of the k-th fraction of the sediment along the i-th reach (m
3
s

-1
) 

q   exponent of the Engelund-Hansen formula (-) 

Q   flow discharge (m
3
s

-1
) 

r   index of the r-th component: r=0 for the entire slope, r=mix for the active layer 

s   exponent of the Engelund-Hansen formula (-) 

t   time (s) 

t0   initial time (s) 

      equilibrium time (s) 

Tr,i   filling time of the r-th component along the i-th reach (s) 

Tw   forcing period (s) 

Vr,i   filling volume of the r-th component along the i-th reach (m
3
) 

x   space (m) 

Y   mean water depth (m) 

  composition of the total sediment transport along the i-th reach (-) 

EH   proportional coefficient of the Engelund-Hansen formula (-) 

G   composition of the sediment transport at the input point (-) 

  bottom composition (-) 

i   bottom composition along the i-th reach (-) 

1   vertical exchange of sediment between active layer and substrate (-) 



 
 

1
I
   vertical exchange of sediment between active layer and substrate (-)k

*
 = percentage of 

the k-th fraction of the sediments in the active layer (-) 

  thickness of the active layer (m) 

  angular frequency (-) 

  Chézy roughness coefficient (m
1/2

s
-1

) 

k   hiding-exposure coefficient (-) 

 

1. Introduction 

During the last decades, the availability of hydro-morphological and sedimentological models, 

combined with their accuracy, have increased enormously, giving reason to the development of 

new methodologies, models and approaches in the field of hydroinformatics and hydraulic 

modelling (Bai & Wang, 2014; Gourbesville, 2009; Hobley et al., 2017; Vidal et al., 2005). 

These new tools have contributed to improve the knowledge on the theoretical background and 

physical processes involved in modelling the Earth’s landscape evolution, validating the 

assumptions made by modellers. As observed by various authors (e.g., Gourbesville, 2009; 

Guinot & Gourbesville, 2003; Hobley et al., 2017), physically-based models are often quite 

similar, having the schematization of the involved processes and the geometry of the domain as 

predominant factors. Therefore, a reliable and realistic schematization of alluvial rivers results 

fundamental for evaluating, among other things, the meaning and implications of the 

simplifications adopted, together with the effects of different initial and boundary conditions on 

the equilibrium river morphology. 

In the present work, the term “equilibrium” defines a stationary morphological condition of the 

river system, related to specific space- and time-scales of the involved processes. Alluvial rivers 

are generally characterized by a profile that attains the equilibrium with respect to several forcing 

terms at the basin scale, where interactions between the watercourse and the local environment 

occur. For this analysis, the variables that describe the river behaviour are averaged over an 

appropriate time-scale, short enough to disregard the subsidence or the tectonic uplift effects, but 

long enough to neglect micro- (e.g. ripples and particles) and meso-forms (e.g. dunes) variations.  



 
 

Besides other drivers, alluvial rivers are generally influenced by a quasi-steady annual fluctuation 

of initial and boundary conditions therefore, at the reach scale, their morphological characteristics 

(longitudinal and planimetric profiles, grain-size composition of the bed) remain quite stable over 

typical human observation time (decades or centuries). Indeed, this configuration can be defined 

“equilibrium state” and a sediment rating curve called “equilibrium curve” can be calibrated (e.g., 

Asselman, 2000; Colby, 1956; Franzoia, 2014; Horowitz, 2003; Walling, 1974). This curve, 

usually a power relationship, relates sediments and water fluxes by means of a proportionality 

coefficient, and can be useful in many cases, such as for hydropower reservoir management or 

dredging operations. 

In recent years, many studies about the long-term morphological response of rivers to different 

hydrological constraints were performed. As an example, Tealdi et al. (2011) have found an 

analytical solution to evaluate the morphological variations of rivers affected by stepwise 

perturbations on both liquid and solid inputs (e.g., dam construction, river diversion). 

Considering a river with uniform grain-size and a variable width, these authors noticed that the 

variations of the mean river width were very small. Other authors schematized alluvial 

watercourses as unique zero-dimensional reaches with uniform sediment composition, 

postulating a time-dependent slope, but constant width and a single grain-size composition (Di 

Silvio & Nones, 2014). 

In the present paper, it is assumed that a schematic river maintains its width within the same 

order of magnitude along the course. In this manner, the relative importance of the river width in 

the sediment transport formula can be supposed negligible with respect to that of slope and bed 

composition (namely, the width can be considered constant at the analysed scale). Adopting a 0-

D model with liquid and solid inputs entering at the watershed barycenter, one can assume a 

constant width and a time-dependent bottom composition, limiting the errors with respect to real 

watercourses. The barycenter represents the upstream end of the river channel, where water and 

sediment inputs from the basin slopes are concentrated. The non-uniform and time-dependent 

grain-size composition of sediments plays an important role in the erosion and deposition 

processes, mainly at the small spatial scales, governing the armouring, but also at the large scale, 

influencing the planimetric stability of the river bed. The grain-size patchiness, in fact, is 

fundamental in the downstream fining process and in the evolution of the longitudinal profile, 

typically concave (e.g., Church & Ferguson, 2015; Costigan et al., 2014; Cui et al., 1996; Frings, 

2008; Gasparini et al., 2004; Paola & Seal, 1995; Sinha & Parker, 1996). Integrating in space the 



 
 

1-D hydro-morphodynamic system with the above-mentioned conditions, an implicit and non-

linear system is obtained, which is not analytically solvable (Franzoia, 2014). Solving it 

numerically results extremely simpler and faster than applying a complete 1-D model based on 

similar hypotheses (Nones, 2012).  

After a discussion of the approach adopted, the model is applied to a simplified watercourse for 

studying the long-term behaviour of concave-profiled rivers, namely answering to the following 

questions:  

- How and in how much time a schematic river can reach the equilibrium state?  

- If it is already in equilibrium, how does the river react to an impulse or a periodic variation of 

its initial conditions?  

- Can the two-reach model with variable grain-size composition represents the behaviour of 

alluvial rivers in a more realistic and physically-based way, with respect to the single-reach 

model with uniform grain-size proposed by Di Silvio and Nones (2014)? 

The paper is structured as follow. After a theoretical development of the 0-D model, highlighting 

the principal hypotheses and simplifications adopted, the reactions of a schematic river to 

different perturbations of the initial conditions are analysed. In detail, these perturbations regard 

the sediment input amount (stepwise and sinusoidal variations) and the input of the water 

discharge. To demonstrate the capability of the model to represent different temporal scales, an 

analysis of the very long-term evolution is also reported. Final conclusions highlight strengths 

and weaknesses of the adopted approach, and present open questions for scholars and researchers 

in modelling the long-term evolution of alluvial watercourses. 

2. Methods 

2.1 Development of the 0-D model 

The 1-D hydro-morphodynamic model is integrated along a schematic alluvial river under two 

hypotheses: instantaneous water flow propagation and Local Uniform Flow (LUF) conditions 

(Fasolato et al., 2009, 2011; Nones & Di Silvio, 2016). This latter hypothesis, which assumes that 

the averaged energy line and the averaged water and bottom profiles have the same slope, links 

the description of the hydro-morphodynamics to the Froude number of the studied reach (Nones, 

2012). To describe the solid phase, only a bimodal mixture has been considered here, assuming 

two representative grain-size classes (k=2) that characterize fine and coarse fractions of the 



 
 

sediments. Furthermore, no changes due to climate or anthropogenic actions alter the river 

evolution, but the initial conditions. 

To develop a 0-D model representing the concave longitudinal profile typical of alluvial rivers, 

the stream is schematized with two linked LUF reaches, having constant width and length. The 

upstream reach, indicated with the subscript U, goes from the barycenter of the watershed to the 

conjunction point, while the downstream one (subscript D), goes from the conjunction point to 

the outlet (Fig. 1). In the figure, L and H indicate the reach length and elevation, respectively, 

with the latter evolving from the initial status at the time t0 towards the equilibrium H∞ at the time 

t∞. G represents the input of sediment transport from the upstream end of the system, while P is 

the sediment flow that comes out from the watercourse. Under a physical point of view, the two 

reaches can represent the highland and the lowland part of alluvial rivers, characterized by higher 

slopes and coarser sediments and milder slope and finer sediments, respectively. 

For each reach, the typical load duration curve is assumed constant, accounting for the equations 

typically applied in simplified 1-D hydro-morphodynamic models (Fasolato et al., 2009). 

Considering well-developed sub-critical (Fr<0.8) or super-critical (Fr>1.2) Froude regions, such 

models decouple the hydrodynamics and the morphodynamics (De Vriend et al., 1993; Juez et 

al., 2013), when considering both sediment (Lyn, 1987; Lyn & Altinakar, 2002) and graded 

sediment (Stecca et al., 2014). Therefore, it is possible to adopt the 1-D sediment continuity (eq. 

1) developed by Exner (1920), and the mass balance for each grain-size fraction of the active 

layer (2), computed following Hirano (1971).  

In the present approach, the Eulerian framework is adopted, averaging the quantities involved 

over a finite spatial and temporal scale (Ballio et al., 2014). 
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where B is the river width, here assumed as constant, Pk indicates the transport of the k-th fraction 

of the sediments, H represents the bed elevation above a reference level. Assuming a single active 

layer having a thickness ,  represents the vertically-averaged grain-size distribution within the 

active layer, while 
In

 is the vertical exchange of sediment between active layer and substrate, 

indicating the interface value with the subscript In. 



 
 

Eqs. (1) and (2) are integrated along the longitudinal axis x: from x=0, where the inputs of liquid 

and solid discharges are concentrated, to x=LU for the upstream reach and from x=LU to x=LU+LD 

for the downstream one (Fig. 1): 
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In the conjunction point x=LU the continuity requires that the upstream transport of each fraction 

equals the downstream one PU,k(x=LU)=PD,k(x=LU), which means that the respective percentages 

are equal βU,k(x=LU)=βD,k(x=LU). 

Applying the divergence theorem one obtains:  
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where the values spatially averaged over the reach are represented by an overline. 

The 0-D model is defined by two connected LUF reaches, each one characterized by a uniform 

slope equal to the mean slope   U(t) and   D(t), for the upstream and the downstream reach, 

respectively. These two slopes are univocally related to the mean relief elevations   U(t) and 

  D(t), and can be respectively computed as   U      U(t)/  U    U(t)/LU having   U=LU/2; and 

  D      D(t)/  D    D(t)/LD with   D=LD/2. 



 
 

2.2 Solid transport expressions 

Through a sediment transport formula of the Engelund-Hansen type (1967) to express the 

relationship between liquid and solid flows (e.g., Armanini & Di Silvio, 1988), the sediment 

transport Pk for each sediment fraction k passing through a section can be computed as: 
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where EH is a proportionality coefficient, I represents the local bottom slope (coincident with 

energy line and water profile slopes under the LUF hypothesis), dk is the diameter of the k-th 

fraction of sediments and k is the hiding-exposure coefficient, which considers the effect of the 

mutual influence of grains of different sizes (Ribberink, 1987). 
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Regarding eq. 5, the exponent m, which generally spans between 1.5 and 2.5, is a site-specific 

parameter that should be calibrated for each river, depending on what uniform flow equation is 

adopted (Basile, 1994; Nones, 2012), and the exponents n, p and q are proportional to it. 

Adopting the Chézy formula Q=χBY
3/2

I
1/2

, where χ represents the Chézy roughness and Y is the 

mean water depth, one obtains n=m, p=(m–1) and q=3/2(m–1). The exponent s (eq. 6) ranges 

between 0 and 1, depending on the bed composition: the finer is the characteristic diameter, the 

smaller the exponent s is. 

For the sake of simplicity, only two representative grain-size classes are considered in the present 

approach: coarse and fine fractions are indicated with the subscript c and f, respectively. Starting 

from the previous equations and neglecting the subscript k, one can assume that  represents the 

bottom composition of the fine sediment characterized by a diameter df and, therefore, 1- is the 

composition of the coarse material having a diameter dc. 

The total sediment transport of the fine fraction is given by: 
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where deq represents the equivalent diameter of the bottom (Nones, 2012) 
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where d=df/dc is the ratio between fine and coarse fractions. 

The composition of the total sediment transport =Pf(t)/P(t) (or 1-=Pc(t)/P(t)) depends on the 

bottom composition of the fine sediment  
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Representing all the coefficients and the morphological parameters in a unique parameter M 

called “morphodynamic parameter”, one obtains a sediment rating curve (Asselman, 2000; 

Horowitz, 2003).  

In the present model, the river width B is time-averaged and assumed constant, because its 

influence on the sediment transport results negligible with respect to the other parameters 

(Franzoia, 2014). 
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The morphodynamic parameter M(t) is time-dependent, namely a function of the time-variable 

parameters   (t) and β (t). 

  
 

   )()(
)()(

1)1)((

11/1)()(
)( 1

1 tctICost
d

tc

B

tI

dtd

dt

B

tI
tM n

q

c

p

n

EHsq

c

sq

p

n

EH 






 








  (11) 

where Cost sums up all the constant parameters and c1 is an implicit function of (t) and d. 
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2.3 Complete 0-D two-reach model 

Rewriting the system (4) with the slopes   U(t) and   D(t) instead of the elevations   U(t) and   D(t) 

and using the Eqs. (10) and (11): 



 
 

    

 
 

    

 















































)()()(

)()()(

)()()()()()(
1

)()(
2

)()()(

)()()(

)()()()()()(
1

))()((
2

)()(
2

1

2

1

2

tctICosttM

tQtMtP

tPtttPtt
LBdt

d

tPtP
LBdt

Id

tctICosttM

tQtMtP

tPtttGtt
LBdt

d

tPtP
L

L
tPtG

LBdt

Id

DDD

m

DD

DDDUDU

D

D

DU

D

D

UUU

m

UU

UUUUG

U

U

DU

D

U
U

U

U















     (13) 

Expressing the sediment discharge input from the watershed at the upstream end PU(x=0,t) as 

G(t), the initial conditions of (13) are G(t) and its composition αG(t) at the upstream end, the 

elevation of the downstream end   D(t) and the input of the liquid discharge Q(t)
m
. If these 

conditions remain constant, at long time  →∞ the equilibrium can be reached: the sediment flux 

is spatially constant, and input and output become equal, i.e. G(t)=PU(t)=PD(t) and 

αG    αU    αD(t). 

In their work, Di Silvio and Nones (2014) defined “filling volume” the relief volume that 

sediments can fill during a characteristic time of rivers named “filling time”. In (13), B  U
2
/2 

indicates the filling volume of the upstream reach V0,U divided by the slope   U(t), and B  D
2
/2 is 

the filling volume of the downstream reach V0,D divided by the slope   D(t). In the same manner, 

the terms LU  B   m,U and LD  B   m,D are the filling volumes of the active layers of the upstream 

and downstream reach, respectively.  

2.4 Non-dimensional formulation of the model 

The problem is analysed introducing the dimensionless parameters reported in Table 1, defined as 

relative deviations from the equilibrium. 

At long-term, the equilibrium values of sediment discharges G( →∞), PU( →∞) and PD( →∞) 

coincide, as well as the sediment parameters αG( →∞) α U( →∞) α D( →∞) and 

β U( →∞) β D( →∞). Marking such values as G∞, ∞ and ∞, (13) can be rewritten in a 

dimensionless form. 
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Four characteristic times are recognizable: i) V0,U/G∞=T0,U and V0,D/G∞=T0,D indicate the filling 

times of the upstream and downstream reaches, respectively; ii) β∞Vmix,U/G∞=Tmix,U and 

β∞Vmix,D/G∞=Tmix,D are the filling times of the upstream and downstream active layers, 

respectively. The volume of the entire relief V0,U+V0,D is greater than the volume of the total 

active layer Vmix,U+Vmix,D, while the evolution of the bed composition results faster than the 

evolution of the reach slope. 

For the sake of simplicity, the water discharge Q(t) is assumed constant during the river 

evolution, meaning that no significant natural or anthropogenic changes are considered in 

addition to the boundary conditions (i.e., the dimensionless parameter q(t)
m
 is negligible). Under 

these assumptions, one finds morph,U(t)=pU(t) and morph,D(t)=pD(t), namely the non-dimensional 

perturbations of the morphodynamic parameter are equal to the non-dimensional perturbations of 

the sediment transport. Substituting these terms in (14) and deriving it over time to express the 

river morphodynamics evolution directly through the evolution of the perturbation of the 

parameter morph, one obtains: 
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The resulting model is implicit, non-linear and not analytically solvable. To find a simplified 

solution, one should linearize it assuming m=n=2 (i.e., uniform flow computed by the Chézy 

formula) and imposing that there are only little perturbations of the equilibrium conditions. 
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Substituting these equations in the definition of the perturbation of the morphodynamic parameter 

morph, an expression valid for both reaches is obtained: 
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However, the non-linearity remains in the mixed product [i(t)b(t)]. Unluckily, this non-explicit 

term is inside the formulation of i(t)c3[b(t)] and, therefore, it is not possible to reduce it by 

writing i(t)b(t)≈ii∞b∞+i’(t)b∞+i∞b(t). To overcome the problem, a predictor-corrector scheme is 

applied, using an explicit Euler prediction scheme to compute the variables at the time ( +Δ ), 

cyclically corrected with a Crank-Nicholson algorithm until convergence. 

3. Cases under study 

3.1 Perturbation of the initial conditions 

Knowing the time-averages external forcing terms   ,    and α G, the equilibrium values of 

morphodynamic parameter, bottom composition and slope are: 
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Aiming to compare the present model with the one proposed by Di Silvio and Nones (2014), a 

similar approach has been applied, investigating two types of initial conditions variations: 

stepwise and sinusoidal.  

Recalling their work, stepwise perturbations are often connected to anthropogenic actions, while 

sinusoidal input variations are typically associated to the meteorological cycle (short period) or to 

geological and climate variations (long period), as pointed out by Blum and Törnqvist (2000). 

For the sake of simplicity, stepwise and sinusoidal variations are considered here only as 

perturbations in initial conditions, and do not alter the river evolution during the simulation (i.e., 

no sequences of sinusoidal/stepwise perturbations are considered). 

3.1.1 Stepwise perturbation 

From the equilibrium conditions, a stepwise perturbation of the solid input G(t) at the upstream 

end is imposed. 
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The dimensionless value g0 corresponds to a constant perturbation that leads the system to a new 

equilibrium, controlled by the sediment input G1=G(t>0), different from the initial condition G0: 
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3.1.2 Sinusoidal perturbation 

A sinusoidal perturbation of the sediment input has the form: 
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where g0 is the amplitude of the periodical input g(t) and ω  π/Tw is the angular frequency linked 

to the forcing period Tw of g(t). In this manner, the quasi-equilibrium condition reached after a 

transitory stage results periodical. 

3.2 Input data 

To show the model potential, the effects of the changing initial conditions are evaluated 

considering quantities typical of alluvial rivers in temperate climates. In the simulations (Eqs. 5 

and 6) it is assumed m=2, s=0.5 and αEH=10
-3

, while the grain-size composition is characterized 

by df=0.5 mm and dc=12.5 mm (d=0.04) and the constant river width B is assumed equal to 50 m 

(Franzoia, 2014). 

4. Results and discussion 

The outcomes of the two-reach model are compared with the results obtained by Di Silvio and 

Nones (2014), whom have schematized the river as a single reach with a uniform slope from the 

basin barycenter to the downstream end, having a fixed elevation and a constant width. 

Moreover, their model assumed a constant grain-size of the bed sediments, and the only time-

dependent variable was the slope.  

Assuming   U   D (or LD=0) and PU(t)=PD(t), one obtains PU(t)=Cost1  U(t)
n
=Cost1  D(t)

n
=PD(t), 

and the dimensionless terms iU(t) and iD(t) coincide, having also hU(t)=hD(t). Imposing m=n=2, Di 

Silvio and Nones (2014) have linearized the problem through (1+iU(t))
n
=(1+iU(t))

2
≈ 

(1+2iU(t))=(1+2hU(t)), obtaining pU(t)=2hU(t) and an ordinary differential equation that described 

the morphological evolution of the river reach: 
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Using the approach described here, the characteristic filling time T0,U for the upstream reach is a 

trapezoidal volume based on the position of the gauging stations (Fig. 1). 
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The filling volume computed by Di Silvio and Nones (2014) results greater than the filling 

volume of the model with two reaches, but the time required to attain the equilibrium is smaller. 



 
 

4.1Perturbations of the sediment input amount 

Many 1-D hydro-morphodynamic models found out that perturbations in the grain-size 

distribution propagate at a faster pace than adjustments in the bed elevation, possibly due to 

"sorting" (Stecca et al., 2014) or "mixing" (Ribberink, 1987) waves, which, generally, have a 

higher celerity than the bed waves. 

The reaction of a schematic river initially in equilibrium in response to stepwise or sinusoidal 

perturbations of the initial sediment input G(t) is here analyzed, aiming to reproduce these results 

with a simpler model. 

4.1.1 Stepwise perturbation 

Starting from equilibrium conditions, a stepwise perturbation g(t) is imposed, which corresponds 

to a constant perturbation that leads the system to a new equilibrium controlled by the sediment 

input G1=G(t>0)≠ 0. 

The results obtained for a river having LU=0.2LD and subjected to a perturbation g0=0.2, reported 

in Fig. 2, show that, after a stepwise increase of the sediment input, firstly a rapid fining of the 

bottom composition (t) is observed, leading to a rapid increase of the morphodynamic parameter 

M(t). Then a slower phase takes place, during which the bottom slope I(t) increases towards the 

equilibrium value I∞, and the bottom composition becomes finer, equal to the equilibrium value 

β∞. In these conditions, the equilibrium morphodynamic parameter M∞ depends only on the slope 

variations. 

The outcomes are function of the upstream/downstream reach lengths ratio LU/LD. Increasing the 

length of the upstream part, its evolution celerity decreases and the trend of the two reaches tends 

to coincide. In Figure 3a are reported the slope variations and the evolution of the 

morphodynamic parameters for a schematic two-reach river having a negligible length of the 

downstream reach (LU/LD=5). The solutions for this reach are almost equal to the solutions for the 

upstream part (i.e., with only one reach, Figure 3b). 

With the linearized solution proposed by Di Silvio and Nones (2014) and imposing the initial 

condition hU(t=0)=0, the integration of (22) yields to: 
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Assuming hU(t)=2pU(t): 
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Figure 3b reports the temporal evolution of a single-reach river having a constant grain-size 

composition, subjected to a stepwise perturbation g0=0.2, discerning between different slope 

ratios IU/I∞. 

The evolution of the approach proposed here, having the exact solution numerically computed 

and a variable bottom composition, is slower than the one obtained with the linearized solution 

proposed by Di Silvio and Nones (2014), whom considered unisize sediments. This fact gives 

reason to the need of considering mixed grain-sizes during the evaluation of the river adaptation 

time (Church & Ferguson, 2015). 

The comparison between the evolution of a bed having a sorted grain-size (d=0.04) and one with 

a uniform composition (d=1) reported in Figure 4 highlights the behaviour described above: a 

well-sorted bed evolves faster with respect to poorly sorted rivers, reaching the equilibrium in a 

temporal horizon in the order of some decades rather than centuries. 

4.1.2 Sinusoidal perturbation 

Assuming the perturbation of the sediment input g(t) sinusoidally variable in time, the 

equilibrium conditions are defined averaging the values over a longer time, namely the forcing 

period Tw. As expected, in this case the results are related to the length ratio LU/LD: with a 

relevant length of the downstream reach the solution for the two reaches sensibly differ from the 

solution computed with a single reach. Increasing the period Tw one finds a limit for which the 

perturbation is more similar to a stepwise alteration, because the time required to reach the new 

equilibrium is lower than Tw/4 (Franzoia, 2014). 

4.2 Perturbation of the sediment input composition 

A stepwise perturbation G,0 of the composition of the sediment input G(t) is: 
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where G(t>0) is the perturbation of the input in terms of sediment composition. 



 
 

Confirming the outcomes of laboratory experiments (Ribberink, 1987) and numerical 1-D fully 

unsteady models (Blom, 2008; Stecca et al., 2016), the present results highlight that the 

perturbation of the sediment input composition can substantially modify the river slope, 

especially at the long-term. Figure 5 shows the evolution of a river when the sediment input 

becomes finer, with a stepwise perturbation of the solid input composition G,0=0.05. Though the 

equilibrium morphodynamic coefficient M∞=G∞/Q
m
 remains the same, the equilibrium bed 

composition is finer, hence the equilibrium slope decreases. There a rapid fining of the bed 

initiates, followed by a very long period required to attain a new equilibrium, during which the 

slope changes very slowly, while the morphodynamic parameter increases responding to the 

fining, and then slowly decreases till the equilibrium. 

4.3 Perturbation of the liquid discharge input 

The initial hypothesis was that no substantial variations of the liquid flow are considered, aiming 

to simplify the equations, finding that the perturbation on the sediment discharge corresponds to 

the perturbation of the morphodynamic parameter, i.e. p(t)=morph(t). 

On the contrary, considering a perturbation of the liquid discharge q(t)
m
 means that there is a 

variation of the flow duration curve, typical of real-world watercourses. Assuming the validity of 

the LUF hypothesis, the only parameter that is supposed to change in the equation of the 

morphological evolution is the thickness of the active layer . This value is taken as a fraction of 

the mean water depth in dune-dominated contexts, where dunes represent the feature that operate 

the vertical mixing, and thus naturally the active layer scales with dune height, which scales with 

water depth. Conversely, it is taken as a multiple of the d90 in plane-bed cases. 

Considering only the influence of the liquid phase on the equilibrium formula, the perturbation of 

the sediment transport p(t) is: 
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In Figure 6 a comparison of the evolution of the morphodynamic parameter M(t) with different 

forcing periods Tw is reported, showing the evolution of the ratio M(t)/M∞ for limited temporal 

horizons. 

Under a physical point of view, a series of perturbations of the liquid flow duration curve 

characterized by a sinusoidal behaviour with different forcing periods Tw can represent the natural 

long-term variations of the climatic conditions acting in a watershed. 



 
 

4.4 Long-term evolution of rivers 

Numerical simulations show that, for any initial condition, the variables swing to reach the same 

results, namely the two reaches slowly evolves towards the equilibrium. In these conditions the 

downstream reach has a smaller slope and a finer bed composition than the upstream part, 

maintaining the features of a concave profile characterized by a downstream fining (e.g., Ferrer-

Boix et al., 2016; Gomez et al., 2001; Leopold & Maddock, 1953; Rice & Church, 2001; Richter, 

1939; Shulits, 1941; Sinha & Parker, 1996; Snow & Slingerland, 1987).  

The results reported in Figure 7 show that, starting from an initial condition, even if convex and 

with a uniform bed composition, the river morphology evolves towards a concave profile with 

downstream fining before reaching the equilibrium, considering an upstream reach either shorter 

or longer than the downstream one. 

In Figure 8 the temporal evolutions of bottom composition β(t), slope I(t) and morphodynamic 

parameter M(t) are shown for an upstream reach shorter than the downstream one. In particular, 

the evolution of the grain-size composition β(t) is highlighted in Figure 9: starting from a bed 

composition equal to the equilibrium, the sediments rapidly become finer and then a slow 

evolution towards a coarse grain-size composition starts, with respect to the downstream fining 

characteristics. 

 

5. Conclusions 

Aiming to replicate previous results obtained with more complex approaches, the 0-D model 

developed here is physically-based on typical hydro-morphological equations, even if described 

in a very simplified manner. Theoretically, the parameters used by physically-based models are 

measurable, but, in practice, this kind of codes needs to be calibrated and verified against 

observed data, because of the large number of parameters involved and the heterogeneity of their 

values. A typical dataset is formed by a continuous record of water flowing through a given cross 

section and some basin-scale averaged geometrical (river slope, width, length) and 

sedimentological (grain-size) information. In this regard, continuous records of sediment 

transport and water flow are necessary to calibrate and validate such models. 

The proposed mathematical system results implicit and non-linear and, therefore, it is not 

possible to find an analytical solution. For this reason, a numerical evaluation based on a 



 
 

predictor-corrector scheme is applied, showing the potential of the approach despite of the 

several simplifications involved. Solving 0-D models is much simpler and faster than solving a 

complete 1-D hydro-morphodynamic model, with a reduced loss of details at the large spatial and 

temporal scale. 

With respect to previous conceptualizations (Di Silvio & Nones, 2014), assuming a non-uniform 

grain-size composition, crucial in the erosion/deposition phenomena, and splitting the river in 

two connected LUF reaches representing the highland and the lowland parts, the morphological 

evolution of the schematic river results realistically slow. Moreover, the present model shows the 

typical processes of alluvial rivers, characterized by a downstream fining and an evolution 

towards a concave longitudinal profile, starting from altered initial conditions in terms of 

sediment transport and/or water flow. On the one hand, the outcomes are in accordance with 

literature evidences (e.g., Church & Ferguson, 2015; Costigan et al., 2014; Cui et al., 1996; 

Frings, 2008; Gasparini et al., 2004; Paola & Seal, 1995; Sinha & Parker, 1996). On the other 

hand, the 0-D modelling of the long-term evolution of watercourses requires very crude 

schematizations, aiming to simulate the behaviour of alluvial rivers under specific constraints 

with a reduced computational effort. Obviously, this condition is very far from the situation 

observed in nature because, at the long-time scale, initial and boundary conditions are not 

constant, but a lot of processes can take place, such as variations in the natural hydrologic regime 

possibly driven by climate change, human interventions like dam building, dredging operations 

or deforestation projects. Indeed, this schematization is more like a laboratory flume, feed with a 

constant input of sediments. Given that mountains are not an infinite source of sediments (Park & 

Jain, 1987), all these alterations can affect the river evolution. It is worth to mention that, even is 

mountains cannot be considered as infinite sources of sediment, in some cases the tectonic uplift 

is likely able to renew the sources given by slope, possibly at a pace higher than the transport 

capability of the watercourses. 

As previously observed, the evolution of the river morphology studied by the present two-reach 

model with non-uniform grain-size results slower than the one analyzed by Di Silvio and Nones 

(2014). In fact, their model neglects the variability of the bed composition, and did not consider 

the fundamental role played by the bottom composition, as recognizable from the analyses of the 

river reaction to the perturbation of the initial conditions and of the very long-term evolution. 

Even if the proposed model does not operate directly on the grain-size parameters, the bottom 

composition reacts very rapidly to any perturbation, changing the behaviour of the system itself 



 
 

via the morphodynamic parameter. After an initial state, the evolution slows down, following the 

evolving time of the slopes, i.e. reaching the equilibrium in about four times the characteristic 

filling time of the longer reach. In this sense, the present model is a significant improvement of 

the previous approach (Di Silvio & Nones, 2014), especially for its capability to represent the 

observed behaviour of alluvial watercourses with a reduced computational effort. 

Additional research is necessary to: i) evaluate the reliability of the model in simulating the 

effects of initial conditions that subsequently vary during the watershed evolution, instead of 

single variations as proposed here; ii) discuss the importance of a changing width in computing 

the long-term evolution of alluvial rivers; iii) define the relative importance of the adopted river 

parameters and the simplifications used, possibly applying the model to real case studies.  
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Figure 1. Scheme of the zero-dimensional, two-reach model. 

 

Figure 2. Evolution of a schematic river with LU=0.2 LD and d=0.04, applying a stepwise 

perturbation of the sediment input g0=0.2: a) ratio between the bottom composition (t) and its 

equilibrium value ∞; b) ratio between the river slope I(t) and its equilibrium value I∞; c) ratio 

between the morphodynamic parameter M(t) and its equilibrium value M∞. 

 



 
 

Figure 3. Comparison of morphodynamic parameter and slope evolution: a) river modelled as 

two-reach and sorted grain-size, assuming LU/LD=5 and imposing a stepwise perturbation of the 

sediment input g0=0.2; b) river modelled as single reach and with constant grain size, applying a 

stepwise perturbation g0=0.2.  

 

Figure 4. Evolution of a schematic river with LU=0.2 LD and d=1, applying a stepwise 

perturbation of the sediment input g0=0.2: a) ratio between the river slope I(t) and its equilibrium 

value I∞; b) ratio between the morphodynamic parameter M(t) and its equilibrium value M∞. 

 

Figure 5. Evolution of a schematic river with LU=0.2 LD from an initial equilibrium state 

applying a stepwise perturbation G,0=0.05: a) ratio between the bottom composition (t) and its 

equilibrium value ∞; b) ratio between the river slope I(t) and its equilibrium value I∞; c) ratio 

between the morphodynamic parameter M(t) and its equilibrium value M∞. 

 

Figure 6. Temporal evolution of the morphodynamic parameter M(t) with respect to its 

equilibrium value, applying a sinusoidal perturbation of the discharge input q
m
(t>0)=q

m
G,0 sint 

with q
m

G,0=0.1, LU=0.2LD and for different periods Tw. 

 

Figure 7. Very long-term evolution of the longitudinal profile of a schematic river, starting from 

a convex longitudinal profile: a) LU=0.2 LD; b) LU=5 LD. 

 

Figure 8. Evolution of a schematic river with LU=0.2 LD and d=0.04, starting from a convex 

longitudinal profile and an equilibrium bottom composition: a) ratio between the bottom 

composition (t) and its equilibrium value ∞; b) ratio between the river slope I(t) and its 

equilibrium value I∞; c) ratio between the morphodynamic parameter M(t) and its equilibrium 

value M∞. 

 

Figure 9. Zoom of the initial period reported in Figure 8a. 

 

 



 
 

 

 

 

Table 1. List of dimensional and dimensionless parameters. 

Dimensional 

parameters 

Non-dimensional 

parameters 

UH , DH  
hU , hD 

LU , LD lU , lD 

UI , DI  
iU , iD 

PU , PD pU , pD 

G g 

Q
m
 q

m
 

MU , MD morph,U , morph,D 

 

 

 



 
 

 

 

 

 

 



 
 

 

 

 

 



 
 

 

 

 



 
 

 

 

 

 

 

 

 

 

 



 
 

 

 

 

 

 

 

 



 
 

 

 

 

 

 

 




